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Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincare´ disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincare´ disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.
It is notoriously difficult to reverse quantum dynamics
of many-body systems. In addition to the challenge of
changing the signs of all terms in the Hamiltonian simul-
taneously, there exists a conceptual obstacle of reversing
the dynamics of all particles in a synchronized means, re-
flecting the irreversible nature of the arrow of time. Nev-
ertheless, the well-established spin echoes [1] have been
widely used to overcome dephasing in spin systems, lay-
ing the foundation of many modern technologies, such
as the nuclear magnetic resonance, magnetic resonance
imaging, and the central spin problem in a broad range
of condensed matter systems [2–4].
The study of collective excitations has been a main
theme in the field of ultracold atoms and related top-
ics [5–8]. Among such excitations, the breathing modes
(or breathers) of interacting fermions and bosons have
provided physicists with valuable information about su-
perfluidity and hydrodynamics in the past two decades
[9–14]. However, due to complex interaction effects in
many-body systems, it is in general a grand challenge
to recover the initial state once collective excitations are
generated. The standard spin echoes do not apply to
these breathers, whose relevant degrees of freedom do
not obey the su(2) algebra, the underlying mechanism
that spin echoes rely on. A crucial question then arises.
Could we reverse many-body dynamics of breathers in
interacting bosons and fermions?
In this work, we implement a fundamentally impor-
tant group, SU(1, 1), to design echoes to reverse collec-
tive excitations of quantum gases. If the initial state is
an eigenstate of a harmonic trap, SU(1, 1) echoes can be
geometrized using a single Poincare´ disk and guarantee
that the initial state returns at 2nT , where n is an inte-
ger and T is the period of repeated drivings. When the
initial state is not an eigenstate of a harmonic trap, multi-
ple Poincare´ disks are required to describe the dynamics.
The interference between trajectories on these Poincare´
disks determines whether the revival time is 2T or longer,
the latter corresponding to period multiplication. When
incommensurate frequencies exist in the dynamics, the
revival time extends to infinity. These results also shed
light on remarkable phenomena observed in a recent ex-
periment by Dalibard’s group at ENS [15]. It was found
that, starting from a triangular shape of the breather,
the observed period is consistent with well-known result
in harmonic traps when the quantum anomaly is negligi-
ble [16–21]. In sharp contrast, an initial disk shape leads
to a period multiplication, quadrupling that of a triangle.
Other shapes, however, do not have regular periodicities
in experimentally accessible timescales. Such extraordi-
nary behaviors of breathers can be naturally explained
using the underlying algebra and the geometric repre-
sentation of SU(1, 1) echoes, which allow us to infer how
initial shapes of breathers lead to distinct superpositions
of Poincare´ disks and consequently, the revival times.
Generators of SU(1, 1) satisfy
[K1,K2] = −iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)
Geometrically, SU(1, 1)/U(1) corresponds to a Poincare´
disk [22], where each point on the disk is a SU(1, 1) co-
herent state as analogous to a spin coherent state on a
Bloch sphere, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as
|k, z〉 = (1− |z|2)k
∞∑
n=0
√
Γ(2k + n)
Γ(n+ 1)Γ(2k)
zn |k, n〉 , (2)
where Γ(x) is the gamma function. k is determined by
the Casimir operator C = K20 − K21 − K22 , C |k, n〉 =
k(k− 1) |k, n〉. A single Poincare´ disk is characterized by
a unique k. n is obtained from K0 |k, n〉 = (k + n) |k, n〉.
SU(1, 1) has been widely applied in algebraic meth-
ods for solving energy spectra, two modes squeezing in
quantum optics, SU(1, 1) interferometers, and studies of
exotic geometric phases and expansions of Fermi gases
[23–34]. However, it has not been implemented to study
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FIG. 1. (a) A spin echo on a Bloch sphere. z0 denotes the
initial state. a1 and a3 represent rotations about the y axis.
a2 and a4 represent pi-pulses about the z axis. (b) A SU(1, 1)
echo on a Poincare´ disk. b1 and b3 represent boosts, which are
induced by the same Hamiltonian, H, along a radial direction.
b2 and b4 represent pi-rotations about the origin. For any H
and any initial state z0, such SU(1, 1) echo brings the system
back to the initial state.
echoes until very recently. We have found that the dy-
namical instability of a BEC induced by quenching the
scattering length, which corresponds to a particular re-
alization of the SU(1, 1) group, could be reversed by a
family of SU(1, 1) echoes [35]. The same representation
of the SU(1, 1) group has also been considered for study-
ing periodically driven BECs in [36, 37]. In such a partic-
ular representation [35–37], k is either a positive integer
or half integer. In sharp contrast, breathers considered
here correspond to a distinct representation that has a
continuous spectrum of k. Such fundamental difference
provides breathers with much richer phenomena ranging
from an arbitrary multiplication of the period to dynam-
ics with non-commensurate frequencies.
Here, one of the generators, K0, is precisely the Hamil-
tonian of trapped BECs,
K0 =
1
2
∑
i
−1
2
∇2i +
1
2
r2i +
∑
i<j
V (ri − rj).
K1 =
1
2
∑
i
−1
2
∇2i −
1
2
r2i +
∑
i<j
V (ri − rj),
K2 =
1
4i
∑
i
(ri · ∇i +∇i · ri).
(3)
We have chosen lho =
√
~/(mω0) as the unit length and
~ω0 as the unit energy. To satisfy the commutators in
Eq.(1), the interaction needs to have the same scaling
factor as the kinetic energy. In three dimensions, both
non-interacting systems and unitary fermions satisfy this
criterion. In the latter case, V (ri − rj) should be under-
stood as V (ri − rj) = V˜ (ri − rj)δσi 6=σj , where σi =↑, ↓,
and produces a divergent scattering length. In two di-
mensions, fermions and bosons with contact interactions,
V (ri−rj) ∼ gδ(ri−rj), also have the SU(1, 1) symmetry,
as δ2D(λr) = λ
−2δ2D(r). In single-component bosons,
interactions exist between any pair of particles.
SU(1, 1) echoes arise from the identity,
e−i(ϕ1K1+ϕ2K2)e−ipiK0e−i(ϕ1K1+ϕ2K2)eipiK0 = I, (4)
where I is the identity operator, ϕ1 and ϕ2 are two ar-
bitrary real numbers. On the Poincare´ disk, e−ipiK0 is
a rotation of pi about the origin, and e−i(ϕ1K1+ϕ2K2)
is a boost changing |z|. A simple echo is illustrated
in Fig.1(b). Starting from a given initial state, U1 =
e−iϕ1K1 moves it along a diameter and is followed by
a rotation U0 = e−ipiK0 . Using Eq.(4), we conclude
(U0U1)2 = e−i2piK0 , i.e., a rotation of 2pi about the ori-
gin, and thus the initial state is recovered. This echo
applies to any initial states on the Poincare´ disk and any
ϕ1K1 + ϕ2K2, similar to the standard spin echoes.
We first consider the initial state as the ground state
of the Hamiltonian, H0 = 2K0. To implement a SU(1, 1)
echo, the trapping frequency is suddenly changed to
ω1 = κω0 at t = 0, where κ is an arbitrary real or imag-
inary number. In the latter case, it corresponds to an
inverted harmonic trap. When t = t1, the original har-
monic trap is restored and the system evolves for another
time period t0. Then the above two steps are repeated.
Such dynamics are governed by the Hamiltonians,
H1 = (1 + κ
2)K0 + (1− κ2)K1, nT < t < nT + t1,
H0 = 2K0, nT + t1 < t < (n+ 1)T, (5)
where n is a non-negative integer, and T = t0+ t1 defines
a period. The propagator, (U0U1)2 = (e−iH0t0e−iH1t1)2,
from t = nT to t = (n+ 2)T can be rewritten as
e−i(ζ1+2t0)K0e−iη1K1e−i(2ζ1+2t0)K0e−iη1K1e−iζ1K0 , (6)
where ζ1 = arctan
(
1+κ2
2κ tanκt1
)
and η1 =
2arcsinh
(
1−κ2
2κ sin(κt1)
)
. We have used the Baker-
Campbell-Hausdorff decomposition,
e−i(ξ0K0+ξ1K1+ξ2K2) = e−iζK0e−iη(K1 cosφ+K2 sinφ)e−iζK0 ,
(7)
where tan ζ = ( ξ0ξ tan
ξ
2 ), cosφ = (
ξ1√
ξ21+ξ
2
2
), sinh
(
η
2
)
=
√
ξ21+ξ
2
2
ξ sin
(
ξ
2
)
, and ξ2 = ξ20−ξ21−ξ22 . To deliver an echo,
it is required that pi = 2(t0 + ζ1), or equivalently,
t0 =
pi
2
− ζ1 = pi
2
− arctan
(
1 + κ2
2κ
tanκt1
)
. (8)
Under this condition, the system returns to the initial
state at t = 2nT . It is worth pointing out that there
also exist echoes allowing the initial state to return in a
longer time, say t = 3nT (Supplementary Materials).
The expectation value of the potential energy, Epot =
〈 12
∑
i r
2
i 〉 in the time interval nT + t1 < t < (n+ 1)T , or
equivalently half of the mean squared distance to the cen-
ter of the trap, can be written as Epot = 〈K0−K1〉. Using
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FIG. 2. (a-b) Numerical results of F (t) and 〈r2(t)〉/2 of 2D BECs. The initial state is the ground state of K0, i.e., the origin of
a single Poincare´ disk. κ = 2, 0 correspond to a modified and vanishing harmonic trap in the time interval, nT < t < nT + t1,
respectively. κ = i, 2i correspond to inverted harmonic traps. Ng = 25600, ω0 = 20 × 2piHz and t1 = pi/8. t0 is determined
by Eq.8. (c) Left panel: harmonic traps in different time intervals. Right panel: snapshots of densities at different times for
κ = 2i. (d) Trajectories on the Poincare´ disk. Dotted and solid lines are evolutions governed by H1 and H0, respectively.
Dot-dashed lines show the trajectories if only H1 is applied in a quench dynamics.
properties of SU(1, 1) coherent states, 〈k, z|K0|k, z〉 =
k 1+|z|
2
1−|z|2 , 〈k, z|K1|k, z〉 = 2k Re(z)1−|z|2 , we obtain,
Epot = k
1 + |z|2 − 2Re(z)
1− |z|2 . (9)
Epot in the time interval nT < t < nT + t1 simply mul-
tiplies the above equation by κ2. Apparently, Epot is
periodic with period 2T . For the system prepared in the
ground state of H0 with ground state energy Eg, we have
k = Eg/2. Results above are valid for any eigenstates of
the initial Hamiltonian, hold for any finite temperatures
at thermal equilibrium, and k in Eq. (9) should be under-
stood as 〈K0〉thermal = Tr(K0e−βH0)/Tr(e−βH0), where
β is the inverse temperature.
It is useful to consider 2D bosons with a weak con-
tact interaction as an example. Such dynamics is well
captured by a Gross-Pitaevskii equation,
i
∂
∂t
Ψ(r, t) =
(
−1
2
∇2 + 1
2
κ(t)2r2 + gN |Ψ(r, t)|2
)
Ψ(r, t),
(10)
where N is the number of bosons, g = 4pia0 with a0 be-
ing the dimensionless scattering length. To prepare the
initial state, we use an imaginary time evolution to ob-
tain the ground state of the initial Hamiltonian, H0. We
then let the condensate evolve based on the GP equa-
tion, in which the Hamiltonian is determined by Eq.(14).
We trace both the overlap between Ψ(r, t) and Ψ(r, 0),
F (t) = | ∫ drΨ∗(r, 0)Ψ(r, t)|, and the absolute value of
the potential energy, |Epot|. Fig. 2 shows a few typi-
cal choices. (I), κ is real, which corresponds to retaining
a harmonic trap, though the frequency could be differ-
ent from the initial one. (II), κ = 0, which corresponds
to completely turning off the harmonic trap. (III), κ
is purely imaginary, which means an inverted harmonic
trap. For a generic H =
∑
i=0,1,2 ξiKi,
~ξ = {ξ0, ξ1, ξ2}
defines an external field with a strength, ξ2 = ξ20−ξ21−ξ22 .
For instance, in Eq.(14), we have ξ = 2κ. In (I), ξ2 > 0,
and the system follows a closed loop on the Poincare´
disk. In (II), ξ vanishes. Without a confining poten-
tial in the real space, the trajectory on the Poincare´ disk
eventually becomes tangent with the boundary circle. In
(III), ξ becomes purely imaginary. While a deconfining
potential pushes BECs to expand in the real space, on
the Poincare´ disk, the trajectory becomes an open path.
Though quantum dynamics governed by H1 alone in (I-
III) are distinct, SU(1, 1) echoes always lead to revivals.
Fig. 2 clearly shows that both F (t) and |Epot| are peri-
odic functions of t with a period of 2T .
We emphasize that the initial state could be a super-
position of multiple eigenstates of C such that multiple
Poincare´ disks are required. We consider an arbitrary
propagator U in the SU(1, 1) group acting on |Ψ〉 =∑
n,k cnk |k, n〉 =
∑
k |ψk〉, where |ψk〉 =
∑
n cnk |k, n〉
and 〈ψk′ |ψk〉 ∼ δk,k′ . Here we have suppressed other
quantum numbers for the same k, n. As U|Ψ〉 =∑
k U |ψk〉, and U |ψk〉 corresponds to an evolution on
a single Poincare´ disk, the dynamics thus correspond to
superpositions of trajectories on multiple Poincare´ disks.
If an echo, (U0U1)2 = e−2ipiK0 , acts on the initial state
for m times, where m is an integer, we obtain
e−2ipimK0 |Ψ〉 =
∑
n,k
cnke
−2ipimk |k, n〉 . (11)
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FIG. 3. Schematics of trajectories on multiple Poincare´
disks for a generic initial state. (a) At t = 2T , trajectories
on different disks accumulate the same dynamical phase, and
the system returns to the initial state. (b) Trajectories on
different disk acquire finite relative phases, e±ipi/2. It takes
the system 8T to return to the initial state.
Notice that e−2ipimk is independent of n, the trajectory
on each Poincare´ disk returns to the initial position with
an extra k-dependent phase. The return probability
P (m) = |〈Ψ(0)|Ψ(2mT )〉|2 becomes
P (m) =
∣∣∣∣∣∑
k
P˜ke
−2ipimk
∣∣∣∣∣
2
, (12)
where P˜k =
∑
n |cnk|2,
∑
k P˜k = 1. From Eq.(12), it is
apparent that P (m) = 1 only if e−2ipimk = eiφ0 for all k’s
with a nonzero cnk, where φ0 ∈ [0, 2pi) is independent of
k. This is certainly satisfied if the initial state includes
a single state, |k0, n0〉, as we have previously discussed.
It is also clear that e−2ipimk = eiφ0 will never be satis-
fied if |Ψ〉 includes incommensurate ks, i.e., the difference
between a pair of ks in Eq.(11), k − k′, is an irrational
number. Whereas such a scenario is impossible in mod-
els with ks being either integers or half integers [35–37],
in breathers with a continuous spectrum of k, dynamics
controlled by incommensurate ks may arise.
If ks in Eq.(11) are commensurate, i.e., all ks are rep-
resented by k = k0 + p/Q, where k0 is a given reference
with a nonzero cnk0 , p ∈ Z, Q ∈ N+, and p and Q are
co-prime numbers, we have P (Q) = 1, and the system
evolves back to its initial state after 2Q periods. There-
fore, different superpositions of |k, n〉 in the initial state
may lead to distinct revival times after SU(1, 1) echoes
are applied. If Q > 1, period multiplication emerges in
the dynamics. Fig.3 shows two examples, which corre-
spond to Q = 1 and Q = 4, respectively. Consequently,
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FIG. 4. (a) F (t) of breathers with an initial triangular (top)
and disk (bottom) shapes, respectively. ω0 = 40 × 2piHz,
t1 = pi/8, and κ = 0.5i. Ng = 25600 (12800) is used for the
triangle (disk). The background color represents the time-
dependent relative phase between different Poincare´ disk. (b)
Density distributions of BECs at different times.
the revival times are 2T and 8T , i.e., period quadruples
in the latter case.
Applying the above analysis to breathers of differ-
ent initial shapes, we observe that the triangle and the
disk correspond to Q = 1 and Q = 4, respectively.
The initial state is chosen as the ground state of a
flat-box potential with an infinite potential wall. At
t = 0, the flat-box potential is turned off and the sys-
tem evolves based on Eq.(14). F (t) of a triangle recov-
ers its initial value after 2T . As the initial state is not
an eigenstate of K0, it must be a superposition of mul-
tiple |k, n〉 with differences between ks being integers,
i.e., Q = 1 as shown in Fig.3(a). The exact number of
Poincare´ disks can be, in principle, determined by con-
sidering a particular Hamiltonian, H˜ ≡ C, e−iH˜t |Ψ〉 =∑
nk cnke
−ik(k−1)t|n, k〉 = ∑k e−ik(k−1)t|ψk〉. A Fourier
transform of F (t) =
∑
k e
−ik(k−1)t〈ψk|ψk〉 to the fre-
quency space unfolds how many ks are involved and their
corresponding weights. Nevertheless, such calculations
are not essential here, since our echoes apply to any su-
perpositions in Eq.(11), regardless of the exact number
of Poincare´ disks involved.
The results of a disks shape are distinct. Fig.4 shows
that the revival time of the disk is 8T . We conclude that
the superposition in the initial state must be similar to
Fig.3(b). Again, the exact form of cnk is not important
here, as any superpositions in Eq.(11) that corresponds
to Q = 4 are reversed by SU(1, 1) echoes at t = 8T .
The quench dynamics in the ENS experiment has a prop-
agator, e−iK0t, corresponding to SU(1, 1) echoes where
t1 = 0. Such quench dynamics has a periodicity of 2T and
58T for the triangle and the disk, respectively [15]. This
also confirms that the triangle and the disk corresponds
to a superposition of multiple Poincare´ disks with Q = 1
and Q = 4, respectively. We have not found other initial
shapes, such as a square, which return to the initial states
within timescales of our numerical simulations, similar to
results of the quench dynamics [15]. We conclude that
these shapes are described by either incommensurate ks
or commensurate ks corresponding to a very large Q. In
the later case, the revival is not observable in relevant
timescales of numerics and experiments, and breathers
may behave like those with non-commensurate ks.
Whereas it is difficult to evaluate cnk exactly for a
many-body system, such coefficients can be straightfor-
wardly obtained in few-body systems. For instance, in a
two-body problem, cnk are exactly solvable for any ini-
tial states. In particular, the eigenvalues of the Casimir
operator is directly related to the angular momentum.
In this case, the relation between the initial shape of the
breather and the revival time can be easily established
(Supplementary Materials).
Since our central results are obtained by an algebraic
method, independent on the representation, they apply
to any systems that have the SU(1, 1) symmetry. We
hope that our work will stimulate more interests from dif-
ferent disciplines to use geometric approaches to control
quantum dynamics in few-body and many-body systems.
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Echoes with periodicity 3T
In the main text, we have discussed the su(1, 1) echoes with a periodicity of 2T , which arise from the identity in
Eq. (4) of the main text. Here, we consider echoes with a periodicity of 3T and prove the following identity.
(U0U1)3 = e−i2piK0 . (13)
We consider the same Floquet sequence as the main text, where the Hamiltonians controlling breathers in a harmonic
trap are given by
H1 = (1 + κ
2)K0 + (1− κ2)K1, nT < t < nT + t1,
H0 = 2K0, nT + t1 < t < (n+ 1)T, (14)
where n is an integer, and T = t0 + t1 defines a period. Using the BCH decomposition, we rewrite (U0U1)3 as
(U0U1)3 = eiζ1K0
(
e−iγK0e−iη1K1
)3
e−iζ1K0 , (15)
where ζ1 = arctan
(
1+κ2
2κ tanκt1
)
, η1 = 2arcsinh
(
1−κ2
2κ sin(κt1)
)
, and γ = 2ζ1 + 2t0. To obtain(
e−iγK0e−iη1K1
)3
= e−iαK0 , (16)
we adopt the 2× 2 representation of su(1, 1) algebra. Specifically, using Pauli matrices, we have
K0 → σz/2, K1 → iσx/2, K2 → iσy/2, (17)
and Eq.(16) becomes(
cos
γ
2
cosh
η1
2
(f(γ, η1)− 2)
)
+
[
cos
γ
2
sinh
η1
2
σx + sin
(γ
2
)
sinh
(η1
2
)
σy − i cosh
(η1
2
)
sin
(γ
2
)
σz
]
f(γ, η1) = cos
α
2
− i sin α
2
σz,
(18)
where
f(γ, η1) = cos γ + (1 + cos γ) cosh η1. (19)
Since cos(γ/2) and sin(γ/2) cannot vanish simultaneously, we require f(γ, η1) = 0, which yields
γ0 = arccos
(
− cosh η1
1 + cosh η1
)
. (20)
Such γ0 also satisfies cos
γ0
2 cosh
η1
2 = ±1/2. Thus, we obtain[(
cos
γ0
2
− i sin γ0
2
σz
)(
cosh
η1
2
− sinh η1
2
σx
)]3
= −1 = cospi − i sinpiσz, (21)
and α = 2pi. Therefore, we conclude that
(U0U1)3 = eiθK0e−i2piK0e−iθK0 = e−i2piK0 , (22)
if we choose
t0 =
1
2
arccos
(
− cosh η1
1 + cosh η1
)
− ζ1. (23)
We have verified these results by numerically solving the GP equation. As shown in Fig. 5 and Fig. 6, the triangle
and the disk need 3T and 12T to return to the initial state, respectively. Whereas echoes with even longer periods
also exist, echoes of periods of 2T discussed in the main text are the simplest ones to implement in practice.
8𝑧!𝑜
FIG. 5. A trajectory on the Poincare´ Disk, where dotted and solid lines are evolutions governed by H1 and H0, respectively.
We choose κ = 2, t1 = pi/8. t0 is determined by Eq.23.
(a)
(b)
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FIG. 6. (a)F (t) for a triangle. Ng = 25600, ω0 = 40 ∗ 2piHz and t1 = pi/8. (b)F (t) for a disk. Ng = 12800, ω0 = 40 ∗ 2piHz
and t1 = pi/8. For both cases t0 is determined by Eq.23.
Two unitary fermions in a harmonic trap
We consider one spin-up and one spin-down fermion in a three-dimensional harmonic trap, whose relative motion
and the center of mass are decoupled. The su(1,1) algebra applies to both degrees of freedom. The Hamiltonian is
written as H = HCM +Hrel,
HCM =− ~
2
2M
∇2R +
1
2
Mω20R
2,
Hrel =− ~
2
2µ
∇2r +
1
2
µω20r
2.
(24)
9where M = 2m, µ = m/2, R = (r1 + r2)/2, r = r1 − r2, m is the mass of fermions. The interaction in the unitary
limit is replaced by the boundary condition of the relative motion, namely
Ψrel(r) ∝
r→0
1
r
, (25)
Ψrel(r) is the relative wave function and Ψ(R, r) = ΨCM (R)Ψrel(r). Since the center of mass has the same simple
dynamics of a single particle in a harmonic trap, we focus on the relative motion, which has the SU(1,1) generators
[1],
Kr0 =
1
2
(
−1
2
∇2 + 1
2
r2
)
, Kr1 =
1
2
(
−1
2
∇2 − 1
2
r2
)
, Kr2 =
1
4i
(r · ∇+∇ · r) . (26)
We have chosen the harmonic length lho =
√
~/(µω0) as the unit length and ~ω0 as the unit energy. We first evaluate
the Casimir operator of the su(1,1) algebra,
C = (Kr0)
2 − (Kr1)2 − (Kr2)2 =
L2
4~2
− 3
16
, (27)
where L is the angular momentum operator for the relative motion. C has the eigenvalue l(l + 1)/4 − 3/16 for the
angular momentum eigenstate |l,m〉. Therefore we denote the eigenstate of C by |k, n; l,m〉. Here n is the principle
quantum number, k is the Casimir quantum number, l and m are the angular momentum and magnetic quantum
number, respectively. Since C |k, n; l,m〉 = k(k − 1) |k, n; l,m〉 = (l(l + 1)/4− 3/16) |k, n; l,m〉, we obtain
k =
l
2
+
3
4
, l ≥ 0; k = 1
4
or
3
4
, l = 0, (28)
where we only consider the positive discrete series for the representation of SU(1,1). Using K− |k, 0; 0, 0〉 = 0, we find〈
r
∣∣∣∣14 , 0; 0, 0
〉
∝
r→0
1
r
,
〈
r
∣∣∣∣34 , 0; 0, 0
〉
∝
r→0
1. (29)
We conclude that the ground state of the relative motion of two unitary fermions in the s-wave channel corresponds
to |1/4, n; 0, 0〉. As for the center of mass, the same argument leads to |3/4, n; 0, 0〉. The spectrum of the relative
motion becomes
Er = l +
3
2
+ 2n, l ≥ 1, Er = 1
2
+ 2n, l = 0. (30)
The dynamics on multiple Poincare´ disks can be generated by choosing an initial state as a superposition of different
angular momentums. For example, we consider the initi al state as a mixture of s and d-wave for their relative motion.
The s-wave subspace has ks = 1/4 and the d-wave subspace has kd = 7/4 for any magnetic quantum number m
′. The
initial state and the state at the end of 2m Floquet periods are
|Ψ(0)〉 = |ΨCM 〉 ⊗
∑
n
(
sn |1/4, n; 0, 0〉+
∑
m′
dnm′ |7/4, n; 2,m′〉
)
,
|Ψ(2mT )〉 = |ΨCM 〉 ⊗
∑
n
(
e−i(1/4+n)2pimsn |1/4, n; 0, 0〉+ e−i(7/4+n)2pim
∑
m′
dnm′ |7/4, n; 2,m′〉
)
,
(31)
respectively. Since ks = kd − 3/2, Q = 2, using Eq. (31), we conclude that it takes 4 Floquet periods for the systems
to recover its initial state.
If the s-wave scattering length vanishes, the s-wave subspace has k′s = 3/4, while d-wave subspace still has k
′
d = 7/4.
Therefore, we obtain k′s = k
′
d − 1, Q = 1. It takes the same initial state 2 Floquet periods to return to the initial
state.
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